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On G-algebras 

Ravi Kumar Bandru' and N. Rafi^ 

f Department of Engg. Mathematics, GITAM University, 

Hyderabad Campus, Andhra Pradesh, 502329, India 
| Department of Mathematics, Bapatla Engineering College, 

Bapatla, Andhra Pradesh, 522101, India 
Email: ravimaths83@gmail.com rafimaths@gmail.com 

Abstract In this paper, the notion of G-algebra is introduced which is a generalization of 
QS'-algebra and a necessary and sufficient condition for a G-algebra to become QS-algebra is 
given. We proved that the class of all medial G-algebras forms a variety and is congruence 
permutable. Finally, we shown that every associative G-algebra is a group. 

Keywords G-algebra, QS-algebra, O-commutative, medial. 



§1. Introduction and preliminaries 

In 1966, Y. Imai and K. Iseki introduced two classes of abstract algebras: BCK- algebras 
and BCI- algebras. These algebras have been extensively studied since their introduction. In 
1983, Hu and Li introduced the notion of a BCH- algebra which is a generalization of the notion 
of BCK and HGJ-algebras and studied a few properties of these algebras. In 2001, .1. Neggers, 
S. S. Ahn and H. S. Kim introduced a new notion, called a Q- algebra and generalized some 
theorems discussed in HGI/HGAT-algebras. In 2002, J. Neggers and H. S. Kim introdued a 
new notion, called a H-algebra and obtained several results. In 2007, A. Walendziak introduced 
a new notion, called a HF-algebra which is a generalization of H-algebra. We introduce a 
new notion, called a G-algebra, which is a generalization of QA-algebra. The concept of 0- 
commutative, G-part and medial of a G-algebra are introduced and studied their properties. 
First, we recall certain definitions from [1], [7], [8], [9] that are required in the paper. 

Definition 1.1. 1 7 ! A HG/-algebra is an algebra (X, *,0) of type (2,0) satisfying the fol- 
lowing conditions: 

(Hi) (x * y) * (x * z) < (z * y). 

(H 2 ) x*{x*y) <y. 

(B 3 ) x < x. 

(Hi) x < y and y < x imply x = y. 

(H5) x < 0 implies x = 0, where x < y is defined by x * y = 0. 

If (H 5 ) is replaced by (H 6 ) : 0 < x, then the algebra is called a HGAT-algebra I 5 1. It is 
known that every HGA'-algebra is a BCI- algebra but not conversely. 
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A BCH- algebra I 7 1 is an algebra (A, *,0) of type (2,0) satisfying (B 3 ), (B4) and (B?) : 
(x*y)*z = (x*z)*y. It is shown that every BCI- algebra is a BGB-algebra but not conversely. 

Definition 1.2.f 8 l A Q-algebra i s an algebra (X, *,0) of type (2,0) satisfying ( B 3 ), (B 7 ) 
and (B 8 ) : x * 0 = x. 

A Q-algebra X is said to be a QS'-algebra I 2 1 if it satisfies the additional relation: 

( Bg ) : (x * y) * (x * z) = z * y 

for any x, y, z £ X. It is shown that every BCH- algebra is a Q-algebra but not conversely. 

Definition 1.3.I 9 ! A B-algebra is an algebra (X, *,0) of type (2,0) satisfying ( B 3 ), (B 8 ) 
and (Bio) : (x * y) * z = x * (z * (0 * y)). 

A B-algebra X is said to be 0-commutative if a * (0 * b) = b * (0 * a) for any a, b £ X. In 
[8], it is shown that Q-algebras and B-algebras are different notions. 

Definition 1.4. M A BF-algebra is an algebra (A, *, 0) of type (2, 0) satisfying (B 3 ), (Bg) 
and (Bn) : 0 * (x * y) = (y * x). Note that every B-algebra is BF-algebra but not conversely. 



§2. G - algebras 



In this section we define the notion of G-algebra and observe that the axioms in the 
definition are independent. Also, we study the properties of G-algebra and we give a necessary 
and sufficient condition for a G-algebra to become QS'-algebra. 

Definition 2.1. A G-algebra is a non-empty set A with a constant 0 and a binary operation 
* satisfying axioms: 

( B 3 ) x * x = 0. 

(B12) x * (x * y) = y for all x, y, z £ A. 

Example 2.1. Let A := R — {— n}, 0 / Z + where R is the set of all real numbers 
and Z + is the set of all positive integers. If we define a binary operation * on A by 



x * y = 



n(x - y) 
n + y 



Then (A, *, 0) is a G-algebra. 

Note that every commutative B-algebra is a G-algebra but converse need not be true and 
every QS'-algebra is a G-algebra but converse need not be true. 

Example 2.2. Let A = {0, 1, 2} in which * is defined by 



* 


0 


1 


2 


0 


0 


1 


2 


1 


1 


0 


2 


2 


2 


1 


0 



Then (A, *, 0) is a G-algebra but not a QS'-algebra because 



( 0 * 1)*2 = 1*2 = 2^1 = 2*1 = ( 0 * 2 )* 1 . 



Example 2.3. Let A = {0, 1, 2, 3, 4, 5, 6, 7} in which * is defined by 
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* 


0 


1 


2 


3 


4 


5 


6 


7 


0 


0 


2 


1 


3 


4 


5 


6 


7 


1 


1 


0 


3 


2 


5 


4 


7 


6 


2 


2 


3 


0 


1 


6 


7 


4 


5 


3 


3 


2 


1 


0 


7 


6 


5 


4 


4 


4 


5 


6 


7 


0 


2 


1 


3 


5 


5 


4 


7 


6 


1 


0 


3 


2 


6 


6 


7 


4 


5 


2 


3 


0 


1 


7 


7 


6 


5 


4 


3 


2 


1 


0 



Then (A, *,0) is a G-algebra which is not a BC K / BC I / BC H / Q / Q S / S-algebras. 

It is easy to see that G-algebras and Q-algebras are different notions. For example, Example 
2.2 is a G-algebra, but not a Q-algebra. Consider the following example. Let A = {0,1,2, 3} 
be a set with the following table: 



* 


0 


1 


2 


3 


0 


0 


0 


0 


0 


1 


1 


0 


0 


0 


2 


2 


0 


0 


0 


3 


3 


3 


3 


0 



Then (A, *, 0) is a Q-algebra, but not a G-algebra, since 0* (0*2) = 0*0 = 0^ 2. 

We observe that the two axioms (S 3 ) and (S i 2 ) are independent. Let A = {0,1,2} be a 
set with the following left table. 



* 


0 


1 


2 


0 


0 


1 


2 


1 


1 


1 


2 


2 


2 


1 


2 



* 


0 


1 


2 


0 


0 


1 


2 


1 


1 


0 


1 


2 


2 


1 


0 



Then the axiom(Si 2 ) holds but not (S 3 ), since 2*2^0. 

Similarly, the set A = {0, 1, 2} with the above right table satisfy the axiom (S 3 ) but not 
(S 12 ), since 1 * ( 1 * 2 ) = 1*1 = 0 ^ 2 . 

Proposition 2.1. If (A : *,0) is a G-algebra, then the following conditions hold: 

(5 13 ) x * 0 = x. 

(5 14 ) 0 * (0 * x) = x, for any x, y £ A. 

Proof. Let ( A , *, 0) be a G-algebra and x, y € A. Then x*0 = x*(x*x) = x (by Si 2 ). 
Put x = 0 and y = x in S 12 , then we get S 14 . 

Proposition 2.2. Let ( A , *, 0) be a G-algebra. Then, for any x, y £ A, the following 
conditions hold: 

(i) (x * (x * y)) * y = 0 . 
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(ii) x * y = 0 implies x = y. 

(iii) 0 * x = 0 * y implies x = y. 

Proof, (i) (x * (x * y)) * y = y * y = 0. 

(ii) Let x * y = 0. Then, by (B 12) and (B 13), y = x*(x*y)=x*0 = x. 

(iii) Let 0 * x = 0 * y. Then 0 * (0 * a:) = 0 * (0 * y) and hence x = y. 

Theorem 2.1. If ( A , *, 0) be a G-algebra satisfying (x * y) * (0 * y) = x for any x, y G A 
then x * z = y * z implies x = y. 

Proof. Let ( A , *, 0) be a G-algebra (x * y) * (0 * y) = x for any x, y £ A. Then 

x * z = y * z 

=> (x * z) * (0 * z) = (y * z) * (0 * z) 

=> x = y. 

We now investigate some relations between G-algebras and BCI / BCH/Q/ BF-algebras. 
The following theorems can be proved easily. 

Theorem 2.2. Every G-algebra satisfying (Bg) is a BCI- algebra. 

Theorem 2.3. Every G-algebra satisfying (Bg) is a BCH- algebra. 

Theorem 2.4. Every G-algebra satisfying (Bg) is a Q-algebra. 

Theorem 2.5. Every G-algebra satisfying (B~j) is a UF- algebra.. 

In the following theorem we show that the conditions (B 7 ) and (Bg) are equivalent. 
Theorem 2.6. Let (A, *,0) be a G-algebra. Then the following are equivalent: 

(i) (x * y) * z = (x * z) * y for all x, y, z € A. 

(ii) (x * y) * (x * z) = z * y for all x, y, z € A. 

Proof. (i)=>(ii) Let x, y, z £ A and assume (i). Then 

(x * y) * z = (x * y) * (x * (x * z)) = (x * z) * y. 

(ii)=>(ii) Let x, y, z £ A and assume (ii). Then 

(x * y) * (x * z) = (x * (x * z)) * y = z * y. 

In the following, we characterize G-algebra interms of Q-algebra. The following proposition 
can be proved easily. 

Proposition 2.3. Let (A,*,0) be a G-algebra. Then the following are equivalent: 

(i) A is a Q-algebra. 

(ii) A is a QS'-algebra. 

(iii) A is a BCH- algebra. 

Lemma 2.1. Let (^4, *,0) be a G-algebra. Then a * x = a * y implies x = y for any 
a, x, y G A. 

Proof. Let a, x, y € A. Then a*x = a*y=>a*(a*x) = a*(a*y)=^x = y. 
Theorem 2.7. Let (A, *,0) be a G-algebra. Then the following are equivalent: 

(i) (x * y) * (x * z) = z * y for all x, y, z € A. 

(ii) (x * z) * (y * z) = x * y for all x, y, z € A. 
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Proof. (i)=>(ii) Let x, y, z £ A and assume (i). Then, by (B i 2 ), 

(x * y) * (x * z) = z * y 

=> (x * y) * ((x * y) * (x * z)) = (x * y) * (z * y) 

=> x * z = (x * y) * (z * y). 

(ii)=>(i) Let x, y, z € A and assume (ii). Then, by (B 12 ) and by Lemma 2.1, 

(x * z) * (y * z) = x * y 

=> (x * z) * (y * z) = (x * z) * ((x * z) * {x * y)) 

=> y * z = (x * z) * (x * y). 

§3. G-part of G-algebras 

In this section, we define O-commutative, medial and give a necessary and sufficient condi- 
tion for a G-algebra to become a medial G-algebra. Also we investigate the properties of G-part 
in G-algebras. 

Definition 3.1. A G-algebra (A, *,0) is said to be O-commutative if x * (0 * y) =y*(0*x) 
for any x, y £ A. A non-empty subset A of a G-algebras, A is called a subalgebra of A if 
x * y € S for any x, y € S. 

Example 3.1. Let A = {0, 1, 2} be a set with the following table: 



* 


0 


1 


2 


0 


0 


2 


1 


1 


1 


0 


2 


2 


2 


1 


0 



Then (A, *, 0) is a O-commutative G-algebra. 

Theorem 3.1. Let (A, *, 0) be a O-commutative G-algebra. Then (0 * x) * (0 * y) = y * x 
for any x, y £ A. 

Proof. Let x, y £ A. Then (0 * x) * (0 * y) = y * (0 * (0 * x)) = y * x. 

Theorem 3.2. Let (A, *,0) be a 0-commutative G-algebra satisfying 0 * (x * y) = y * x. 
Then (x * y) * (0 * y) = x for any x, y £ A. 

Proof. Let x, y £ A. Then (x * y) * (0 * y) = y * (0 * (x * y)) = y * (y * x) = x. 
Definition 3.2. Let A be a G-algebra. For any subset S of A, we define 

G(S) = {x€S'|0*x = x}. 

In particular, if S' = A then we say that G(A) is the G-part of a G-algebra. For any 
G-algebra A, the set B(A) = {x £ A \ 0 * x = 0} is called a p-radical of A. A G-algebra is said 
to be p-semisimple if B(A ) = {0}. 

The following property is obvious 



G(A)nB(A) = {0}. 
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Proposition 3.1. Let (A,*,0) be a G-algebra. Then x £ G(A) if and only if £ G(A). 
Proof. If a: £ G(A), then 0 * x = x and hence 0 * x £ G{A). Conversely, if 0 * x £ G(A), 
then 0 * (0 * x) = 0 * x, and hence x = 0 * x. Therefore x £ G{A). 

Theorem 3.3. If S' is a subalgebra of a G-algebra ( A , *, 0), then G(A) fl S = G(S). 
Proof. Clearly G(A) n S' C G(S). If a; £ G(S), then 0 * x = x and x £ S C A. Hence 
x £ G(A). Therefore x £ G(A) n S. Thus G(A) n S = G(S). 

The following theorem can be proved easily. 

Theorem 3.4. Let (A, *,0) be a G-algebra. If G(A) = A then A is p-semisimple. 
Definition 3.3. A G-algebra ( A , *, 0) satisfying (x * y) * (z * u) — (x * z) * (y * u ) for any 
x, y, z and u £ A, is called a medial G-algebra. 

We can observe that Example 2.1 is a medial G-algebra. 

Lemma 3.1. If A is a medial G-algebra, then, for any x, y, z £ A , the following holds: 

(i) (x*y)*x = 0*y. 

(ii) x * (y * z) = (x * y) * (0 * z) . 

(iii) (x * y) * z = (x * z) * y. 

Proof. Let A be a medial G-algebra and x, y, z £ A. Then 

(i) (x * y) * x = (x * y) * (x * 0) = (x * x) * (y * 0) = 0 * y. 

(ii) (a: * y) * (0 * z) = (x * 0) * (y * z) = x * (y * z). 

(iii) (x * y) * z = (x * y) * (z * 0) = (x * z) * (y * 0) = (x * z) * y. 

The following theorem can be proved easily. 

Theorem 3.5. Every medial G-algebra is a QS-algebra. 

Theorem 3.6. Let A be a medial G-algebra. Then the right cancellation law holds in 

G(A). 

Proof. Let a, b, x £ G(A) with a * x = b* x. Then, for any y £ G(A), x*y — (0 *x)*y = 
(0 * y) * x = y * x. Therefore 

a = x * (x * a) = x * (a * x) = x * (b * x) = x * (x * b) = b. 

Now we give a necessary and sufficient condition for a G-algebra to become medial G- 
algebra. 

Theorem 3.7. A G-algebra A is medial if and only if it satisfies the following conditions: 

(i) y * x = 0 * (x * y) for all x, y £ A. 

(ii) x * (y * z) = z * (y * x) for all x, y, z £ A. 

Proof. Suppose (A, *, 0) is medial. Then 

(i) 0 * (x * y) = (y * y) * (x * y) = (y * x) * (y * y) = (y * x) * 0 = y * x. 

(ii) x * (y * z) = 0 * ((y * z) * x) = 0 * ((y * z) * (x * 0)) = 0 * ((y * x) * z) = z * (y * x). 
Conversely assume that the conditions hold. Then (x * y) * (z * u) = u * (z * (x * y)) = 

u* (y * (x * z)) = (x * z) * (y * u). 

Corollary 3.1. The class of all of medial G-algebras forms a variety, written iz(AIG). 
Proposition 3.2. 1 3 ] A variety v is congruence-permutable if and only if there is a term 
p(x, y, z) such that 

v |= p{x, x,y) ~ y and v |= p(x, y, y) « x. 

Corollary 3.2. The variety v{K IG) is congruence-permutable. 
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Proof. Let p(x,y,z) = x * (y * z). Then by (-B 12 ) and (B^) we have p(x,x,y) = y and 
p{x,y 1 y) = x, and so the variety v(MG) is congruence permutable. 

§4. Conclusion and future research 

In this paper, we have introduced the concept of G-algebras and studied their properties. 
In addition, we have defined G-part, p-radical and medial of G-algebra and proved that the 
variety of medial algebras is congruence permutable. Finally, we proved that every associative 
G-algebra is a group. 

In our future work, we introduce the concept of fuzzy G-algebra, Interval-valued fuzzy 
G-algebra, intuitionistic fuzzy structure of G-algebra, intuitionistic fuzzy ideals of G-algebra 
and Intuitionistic (T, Sj-normed fuzzy subalgebras of G-algebras, intuitionistic L-fuzzy ideals 
of G-algebra. I hope this work would serve as a foundation for further studies on the structure 
of G-algebras. 
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§1. Introduction 

The study of generalized closed sets in a topological space was initiated by Levine I 6 1. In 
1996, Maki, Umehara and Noiri introduced the class of pre-generalized closed sets to ob- 
tain properties of pre-Tj^-generalized closed sets and pre-Xi/ 2 -spaces. The modified forms of 
generalized closed sets and generalized continuity were studied by Balachandran, Sundaram 
and Maki I 3 1. Recently Mohana and Arockiarani I 8 1 developed (1, 2)*-7rg-closed sets in bitopo- 
logical spaces. In this paper, we introduce a new classes of sets called (1, 2)*-<5-closed sets in 
bitopological spaces and study some of their properties. 

Throughout this paper (X, ti,T 2 ), (Y, ay, 02 ) and (Z, 771 , 772 ) (or simply X 1 Y and Z) will 
always denote bitopological spaces on which no separation axioms are assumed, unless otherwise 
mentioned. 



§2. Preliminaries 

Definition 2.lJ 9 l A subset S' of a bitopological space X is said to be Ti^-open if S = A\JB 
where A € r\ and B G r 2 . A subset S of X is said to be 

(i) T i , 2 -closed if the complement of S is n^-open. 

(ii) T"i, 2 -clopen if S is both ri^-open and Ti^-closed. 

Definition 2.2. 1 9 1 Let S be a subset of the bitopological space X. Then 
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(i) The Ti i2 -interior of S, denoted by T\^-int{S) is defined by (J {G : G C S and G is 
n, 2 -open}. 

(ii) The T\ , 2 -closure of S , denoted by T\^-cl{S) is defined by f] {F : S C F and F is 
ri j2 -closed}. 

Definition 2.3. A subset A of a bitoplogical space X is called 

(i) (1, 2)*-regular open I 9 1 if A = n ;2 -int(Ti i2 -d(A)). 

(ii) (l,2)*-a-open ^ if A C Ti ) 2 -int(ri ) 2 -d(Ti | 2 -mt(A))). 

(iii) (l,2)*-pre open M if A C Ti i2 -int(ri j2 -d(A)). 

(iv) (l,2)*-semi pre open M if A C Ti |2 -d(ri )2 -mt(Ti )2 -d(A))). 

The complement of the sets mentioned above are called their respective closed sets. 

Definition 2.4. 1 2 1 Let S be a subset of the bitopological space X. Then 

(i) The (1, 2)*-a-interior of S, denoted by (1, 2 )*-a-int(S) is defined by (J {G : G C S and 
G is (1, 2)*-a-open}. 

(ii) The (1, 2)*-a-closure of S, denoted by (1,2 )*-a-cl(S) is defined by f) {F : S C F and 
F is (1, 2)*-a-closed}. 

Definition 2.5. A subset A of a bitopological space X is said to be 

(i) (1, 2)*-7r<7-closed I 8 1 in X if n )2 -d(A) C U whenever ACU and U is Ti i2 -7r-open in X. 

(ii) (1, 2)*-7T(?a-closed bl in X if (1, 2)*-ad(A) C U whenever ACU and U is n, 2 - 7r-open 
in X. 

(iii) (1, 2)*-ct5-closed in X if (1, 2)* -acl(A) C U whenever ACU and U is ri j2 -open in 
X. 

(iv) (1, 2)*-gp-closed I 4 1 in X if (l,2)*-pd(A) C U whenever ACU and U is ri j2 -open in 
X. 

(v) (1, 2)*-gpr-c\osed W in X if (1, 2 )*-pcl(A) C U whenever ACU and U is (1, 2)*-regular 
open in X. 

(vi) (1, 2)*-(/sp-closed ^ in X if (1,2 )*-spcl(A) C U whenever ACU and U is ri )2 -open 
in X. 

(vii) (1, 2)*-g-closed ^ in X if ri, 2 -d(A) C U whenever ACU and U is ri j2 -open in X. 

The complement of the sets mentioned above are called their respective open sets. 



§3. (1, 2)*-Q-closed sets 

Definition 3.1. A subset A of a bitopological space X is said to be (1, 2)*-<5-closed set if 
(1, 2)*-ad(A) C Ti t 2-int(U) whenever ACU and U is (1, 2)*-7r<jr-open in X. 

Theorem 3.1. Every n j2 -open and (1, 2)*-a-closed subset of X is (1, 2)*-Q-closed, but 
not conversely. 

Proof. Let A be ri ;2 -open and (1, 2)*-a-closed subset of X. Let ACU and U be 
(1, 2)*-7r<7-open in X. Since A is (1, 2)*-a-closed, (1, 2)*-ad(A) = A. (1, 2)*-acZ(A) = A = n )2 - 
int(A) C Ti t 2 -int(U). Since A is ri j2 -open and ACU. Therefore, (l,2)*-ad(A) C r li2 -mt(17). 
This implies, A is (1, 2)*-Q-closed. 

Remark 3.1. The converse of the above theorem need not be true as seen by the following 
Example. 
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Example 3.1. (1, 2)*-Q-closed sets need not be Ty 2 -open and (1, 2)*-a-closed. Let 

X = {a, b, c, d}, 

n = {a},{a,b,d}}, 

t 2 = {(/),X,{b},{a,b}}. 

Here A = {a,c} is (1, 2)*-Q-closed, but A is not n^-open and (1, 2)*-a-closed. 

Definition 3.2. A subset A of a bitopological space X is said to be (1, 2)*-tr-closed 
set if Ti 2 -cl(A) C U whenever A C U and U is (1, 2)*-semi-open in X. The complement of 
(1, 2)*-u>-closed set is called (1, 2)*-w-open set. 

Definition 3.3. A subset A of a bitopological space X is said to be (1, 2)*-i?-closed set if 
(1, 2)*-ad(A) C Ti t 2 -int(U) whenever ACU and U is (1, 2)*-tu-open in X. 

Theorem 3.2. (i) Every (1, 2)*-Q-closed set is (1, 2)*-7rga-closed set. 

(ii) Every (1, 2)*-Q-closed set is (1, 2)*-a<ji-closed. 

(iii) Every (1, 2)*-Q-closed set is (1, 2)*-</p-closed. 

(iv) Every (1, 2)*-Q-closed set is (1, 2)*-gpr-closed. 

(v) Every (1, 2)*-Q-closed set is (1, 2)*-gsp-closed. 

(vi) Every (1, 2)*-Q-closed set is (1, 2)*-f?-closed. 

Proof, (i) Let A be (1, 2)*-Q-closed set. Let ACU, 

U is T-i.2-7r-open set => 7 % 2 -open 

(1,2)* — irg-open. 

i.e., U is (1, 2)*-7r<j[-open set. Since A is (1, 2)*-Q-closed set, (l,2)*-ad(A) C Ti t 2 -int(U)* 
Therefore, (1, 2)*-ad(A) C U. Thus, A is (1, 2)*-7rg , a-closed. 

(ii) Let A be (1, 2)*-Q-closed set. Let ACU, U is n^-open => (1, 2)*-7rg-open. Since A 
is (1, 2)*-Q-closed, (1,2 )*-ad(A) C n t2 -int(U). This implies, (1, 2)*-acl(A) C U. Therefore, A 
is (1, 2)*-ag-closed. 

(iii) Let A be (1, 2)*-Q-closed. Let A C U, U is n^-open. Since A is (1, 2)*-<3-closed, 
(1, 2)*-ad(A) C Ti' 2 -int(U ) C U. This implies, (1,2 )*-pcl(A) C' U. Therefore, A is (1,2 )*-gp- 
closed. 

(iv) Let A be (1, 2)*-Q-closed. Let A C U, U is (1, 2) ‘-regular open. Therefore, (1,2)*- 
acl(A) C Ti t 2 -int(U) C U. This implies, (l,2)*-pd(A) C U. Therefore, A is (1, 2)*-<?pr-closed. 

(v) Every (1, 2)*-Q-closed set is (1, 2)*-ag-closed and every (1, 2)*-ag-closed set is (1,2)*- 
gsp-closed. This implies, every (1, 2)*-Q-closed set is (1, 2)*-gsp-closed. 

(vi) Let ACU, U is (1, 2)*-w-open. Since A is (1, 2)*-Q-closed set, (l,2)*-ad(A) C n )2 - 
int(U). Thus, A is (1, 2)*-l?-closed set. 

However the converses of the above theorem are not true is shown by the following Exam- 
ples. 

Example 3.2. Let X = {a, b, c}, n = {< } f>, X, {c}}, t 2 = {(j), X, {&}}. Here {a}, {a, c}, {a, 6} 
are (1, 2)*-7rga-closed sets, but not (1, 2)*-Q-closed sets. 

Example 3.3. Let X = {a,b,c,d}, n = {(j),X,{a},{c},{a,b},{a,c},{a,b,c}}, t 2 = 
{(f>,X,{a,d},{a,c,d},{a,b,d}}. Here {6}, {d} , {b,c}, {b,d}, {c,d}, {b, c, d} are (1, 2)*-ag- 
closed sets, but not (1, 2)*-Q-closed sets. 
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Example 3.4. Let A = {a,b,c}, n = {(f), X, {a, b}}, r 2 = {(f), X}. Here {a} is (1,2 )*-gp- 
closed set, but not (1, 2)*-Q-closed set. 

Example 3.5. In Example 3.3, {6} is (1, 2)*-<?pr-closed set, but not (1, 2)*-Q-closed set. 

Example 3.6. In Example 3.3, {d} is (1, 2)*-<7sp-closed set, but not (1, 2)*-Q-closed set. 

Example 3.7. Let X = {a,b,c}, T\ = {(f>, X, {a,b}}, r 2 = {(f>, X, {a}}. Here {b} is 
(1, 2)*-f?-closed set, but not (1, 2)*-Q-closed set. 

Theorem 3.3. If A subset A of a bitopological space X is (1, 2)*-Q-closed set then (1, 2)*- 
acl(A)-A contains no non empty (1, 2)*-7rg-closed set. 

Proof. Let F be a non empty (1, 2)*-7rg-closed set suchthat F C (1, 2 )*-acl(A) — A. Then 
F C (1, 2 )*-acl(A) — A and A C X — F is (1, 2)*-7rg-open. Since A is (1, 2)*-Q-closed, (1, 2)*- 
acl(A) C T\ 2 -int{X — F) = X — Ti )2 -d(F). This implies, ri )2 -cZ(F) Cl - (1,2 )*-acl(A). That 
is, F C (1, 2 )*-acl{A) and FCI-(1, 2 )*-acl(A). That is, F C (1, 2 )*-ad(A) n {X - (1, 2)*- 
acl(A)) = (f>. This implies, (1, 2)*-ad(A) — A contains no non empty (1, 2)*-7rg-closed set. 

Remark 3.2. The converse of the theorem 3.3 need not be true. If (1,2 )*-acl(A)-A 
contains no non empty (1, 2)*-7rg-closed set, then A need not be (1, 2)*-Q-closed. For example 
Let X = {a,b,c}, T\ = {</>, A, {6}}, r 2 = {</>, X, {a, 6}}. Here A = {a, 6} is not (1, 2)*-Q-closed 
set, but (1, 2 )*-acl(A) — A = X — {a, 6} = {c}. 

Theorem 3.3. If A and B are (1, 2)*-Q-closed set then A U B is (1, 2)*-Q-closed set. 

Proof. Let A and B be (1, 2)*-Q-closed sets. Let A U B C U, U be (1, 2)*-7rg-open. 
Therefore, (1,2 )*-acl(A) C T\^-int(U), (1,2 )*-acl(B) C n^-intfU). Since A and B are (1,2)*- 
a-closed set, (l,2)*-acl(AuB) = (1, 2)*-ad(A)U(l, 2)*-acl(B) C n t 2 -int(U). This implies AL)B 
is (1, 2)*-Q-closed set. 

Remark 3.3. The intersection of two (1, 2)*-Q-closed sets need not be (1, 2)*-<5-closed. 
Let X = {a,b,c,d}, ti = {<f>,X,{a},{d},{a,d},{c,d},{a,c,d}}, t 2 = {(f>, X, {a, c}}. Then 
{a, b, c} and {a, b, d} are (1, 2)*-Q-closed, but {a, b, c} fl {a, b, d} = {a, b} is not (1, 2)*-<5-closed. 

Theorem 3.4. If A is (1, 2)*-Q-closed and A C B C (1,2 )*-acl(A) then B is (1,2)*-Q- 
closed. 

Proof. Let U be (1, 2)*-7rg-open set of X , such that B C U. Let AC B C (1,2 )*-acl(A). 
Therefore A C U and U is (1, 2)*-7rg-open. This implies (1,2 )*-acl(A) C Ti^-int{U). Also, 
B C (1,2 )*-acl{A) (1,2 )*-acl(B) C (1, 2)*-ad((l, 2)*-ad(A)) = (1,2 )*-acl{A) C n )2 - 

int(U). Therefore, (1,2 )*-acl(B) C Ti t 2 -int{U). Thus, B is (1, 2)*-Q-closed. 

Theorem 3.5. If a subset A of A is (1, 2)*-7rg-open and (1, 2)*-Q-closed then A is (1, 2)*- 
a-closed in A. 

Proof. Let A be (1, 2)*-7rc/-open and (1, 2)*-Q-closed. Then (1, 2)*-ad(A) C n i2 -mt(A) C 
A. Therefore (l,2)*-ad(A) C A. Therefore, A is (1, 2)*-a-closed. 

Theorem 3.6. Let A be (1, 2)*-<5-closed in A then A is (1, 2)*-a-closed in A iff (1,2)*- 
ad(A)-A is (1, 2)*-7rg-closed. 

Proof. Given A is (1, 2)*-Q-closed. Let A be (1, 2)*-a-closed. Therefore, (1, 2)*-ad(A) = 
A. i.e., (1, 2)*-ad(A) — A = (f>, which is (1, 2)*-7rg-closed. Conversely, if (1, 2)*-ad(A) — A is 
(1, 2)*-7rg-closed, since A is (1, 2)*-Q-closed, (1, 2 )*-acl(A) — A does not contain any non empty 
(1, 2)*-7rg-closed set. Therefore, (1, 2)*-ad(A) — A = (f>. This implies (1, 2)*-ad(A) C A. That 
is, A is (1, 2)*-a-closed set. 
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Theorem 3.7. An Ti. 2 -open set A of A is (1, 2)*-ag-closed iff A is (1, 2)*-Q-closed. 

Proof. Let A be an r 1>2 -open set and (1, 2)*-ag-closed set. Let A C U, U is (l,2)*-7r g- 
open. Since A C [7, Ti^-int{A) C Ti j2 -mt(d). Therefore, A C Ti i2 -mt(f7), which is ri j2 -open. 
Therefore, (1, 2 )*-ad(A) C ri i2 -mt(d), since A is (1, 2)*-a<7-closed. This implies A is (1, 2 )*-Q- 
closed. Conversely, let A be (1, 2)*-Q-closed and A C U, U is ri, 2 -open => U is (1, 2)*-7rg-open. 
This implies (1,2 )*-ad(A) C T\^-int{U) C U =>■ (1, 2)*-ad(A) C U =>■ A is (1, 2)*-ag-closed. 

Theorem 3.8. In a bitopological space A , for each x £ X, {x} is (1, 2)*-7rg-closed or its 
complement X — {x} is (1, 2)*-Q-closed in X. 

Proof. Let A be a bitopological space. To prove {a:} is (1, 2)*-7rg-closed or A — {x} is 
(1, 2)*-Q-closed in A. If {a;} is not (1, 2)*-7rg-closed in A, then A— {a;} is not (1, 2)*-7rg-open and 
the only (1, 2)*-7r<7-open set containing A— {a:} is A. Therefore, (1, 2)*-acl(X—{x}) C A = ri i2 - 
int{ A). Thus, (1, 2)*-acl(X — {a:}) C n i2 -mt(A) => A — {a;} is (1, 2)*-Q-closed. 

Remark 3.4. r 12 -closedness and (1, 2)*-Q-closedness are independent. In Example 3.2, 
A = {a, 6} is ri j2 -closed, but not (1, 2)*-Q-closed. In Remark 3.3, A = {a,b,d} is (1,2)*-Q- 
closed, but not ri >2 -closed. 

Remark 3.5. (1, 2)*-Q-closedness and (l,2)*-pre closed set are independent. In Remark 
3.3, A = {a,b,d} is (1, 2)*-Q-closed, but not (1, 2)*-pre-closed set. In Example 3.3, A = {b} is 
(l,2)*-pre closed set, but not (1, 2)*-Q-closed set. 

Remark 3.6. From the above discussions and known results we have the following impli- 
cations. A — >■ B (A jA B) represents A implies B but not conversely (A and B are independent 
of each other). 




Definition 3.3. The intersection of all (1, 2)*-7rg-open subsets of A containing A is called 
the (1, 2)*-7rg-kernal of A and denoted by (1, 2)*-Trg-ker(A). 

Theorem 3.9. If a subset A of A is (1, 2)*-<5-closed, then (1, 2)*-aid(A) C (l,2)*-7rg- 
ker(A). 

Proof. Let A be (1, 2)*-<3-closed. Therefore, (1,2 )*-acl(A) C Ti^-int(U), whenever A C 
U, U is (1, 2)*-7rg-open. Let x £ (1,2 )*-ad(A). If x ^ (l,2)*-7 rg-ker(A), then there exists a 
(1, 2)*-7rg-open set containing A subset x ^ U. Therefore, x ^ A x £ (1, 2)*-ad(A). Which 
is contradiction to x € (1,2 )*-ad(A). Thus, (1, 2)*-ad(A) C (1,2)*-7t g-ker(A). 

Definition 3.5. A subset A of a bitopological space A is said to be (1, 2)*-<3s-closed set 
in A if (l,2)*-ad(A) C r lj2 -mt(Ti )2 -d((C/)) whenever ACU and U is (1, 2)*-7rg-open in A. 

Theorem 3.10. Every (1, 2)*-Q-closed set is (1, 2)*-Qs-closed. 

Proof. Let A be any (1, 2)*-Q-closed set. Let A C U, U is (1, 2)*-7rc/-open in A => (1, 2)*- 
acl(A) C Ti >2 -mt(I/) C ri >2 -mf(Ti, 2 -d(([/)). Therefore, (1, 2)*-ad(A) C Ti i2 -mi(ri j2 -d((t/)). 
Thus, A is (1, 2)*-Qs-closed set. 
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Definition 3.6. A subset A of X is said to be 

(i) (1, 2)*-<3-open in X if its complement X — A is (1, 2)*-Q-closed set in X. 

(ii) (1, 2)*-Qs-open in X if its complement X — A is (1, 2)*-Qg-closed set in X. 
Theorem 3.11. Let X be a bitopological space and A Cl, 

(i) A is (1, 2)*-Q-open set in X iff T\^-cl{U) C (1,2 )*-aint(A) when ever U C A and V is 
(1, 2)*-7rg-closed. 

(ii) A is (1, 2)*-Qs-open set in X iff T\ t 2 -cl{Ti^-int{U)) C (1, 2 )*-aint(A) when ever U C A 
and U is (1, 2)*-7rg-closed. 

(iii) If A is (1, 2)*-Q-open set in X then, A is (1, 2)*-Qs-open. 

Proof. Let A be an (1, 2)*-Q-open set in X. Let U C A and U is (1, 2)*-7rg-closed. 
Then, X — A is (1, 2)*-Q-closed and X — A C X — U and X — U is (1, 2)*-7rg-open. Therefore, 
(1,2 )*-acl(X—A) C Ti t 2 -int(X—U). This implies, X— (1, 2)*-aint(A) C X-Ti^-d{U) => ti i2 - 
cl(U) C (1,2 )*-aint(A) whenever U C A and U is (1, 2) *-7r (/-closed then Ti )2 -cZ(Ti i2 -mt(([/)) C 
(1, 2 )*-aint(A). 

(i) Let A C V and V is (1, 2)*-7T(7-closed. A C V => X — A D X — V, which is (1, 2)*- 
7T(jr-open. Therefore, ri >2 -d(X — V) C (1,2 )*-aint(X — A). This implies, X — r 1>2 -mt(P) C 
X — (1,2 )*-acl{A). Therefore, (1,2 )*-acl(A) C Ti^-int(V). Thus, A is (1, 2)*-Q-closed. 

(ii) Let A be an (1, 2)*-Qs-open set. Let F C A and F is (1, 2)*-7T5-closed. Therefore, 
X — A is (1, 2)*-Qs-closed and X — F is (1, 2)*-7n/-open subset such that, X — A C X — F. 
Therefore, (1,2 )*-acl(X — A) C Ti t 2 -int(Ti t 2 -cl(X — F)). That is, X — (1,2 )*-aint(A) C n^- 
int(X — Ti t 2 -int(F)). This implies, X — (1,2 )*-aint(A) C X — Ti. 2 -cl(Ti^-int(F)). That is 
Ti t 2 -d(Ti t 2 -int(F)) C (1,2 )*-aint(A). 

(iii) Let A be (1, 2)*-Q-open. To prove, A is (1, 2)*-Q5-open. Let K C A and K is (1, 2)*- 
7T(jr-closed. This implies, Ti^-cl{K) C (1, 2)* -aint(A) . That is, Ti t 2 -cl(Ti t 2 -int(K)) C n )2 - 
d(K) C (1,2 )*-aint(A). Thus, A is (1, 2)*-Qs-open. 

§4. (1, 2)*-Q-Continuity and (1, 2)*-Qs-Continuity 

Let / : X — > Y be a function from a bitopological space X into a bitopological space Y . 
Definition 4.1. A function / : X — \ Y is said to be (1, 2)*-Q-continuous (respectively. 
(1, 2)*-<2s-continuous) if / -1 (P) is (1, 2)*-Q-closed (respectively. (1, 2)*-Qs-closed) in X , for 
every cri^-closed set V of Y . 

Definition 4.2. A function / : X — »• Y is said to be (1, 2) *-Q - irresolute (respectively. 
(1, 2)*-<2s-irresolute) if / _1 (V r ) is (1, 2)*-Q-closed (respectively. (1, 2)*-Qs-closed) in X, for 
every (1, 2)*-Q-closed ((1, 2)*-Qg-closed) set V of Y . 

Example 4.1. Let X = {a,b,c,d} = Y. n = {X,cj),{a},{d},{a,d},{a,c},{a,c,d}}, 
r 2 = {X, 4>, {c, d}}, cti = {Y,(/),{a},{a,b,d}}, a 2 = {Y, (f>, {6}, {a, 6}}. Let f : X — > Y be 
defined by /(a) = 6, f(b) = c, /(c) = d, f(d) = a. Then / is (1, 2)*-Q-irresolute. 

Example 4.2. Let X = { a,b,c } = Y, n = {X, <j>, {a}, {a, c}}, r 2 = {X,cj),{b}}, o\ = 
{T,((>,{6}}, cr 2 = {Y,(j),{b,c}}. Let f : X — > Y be defined by /(a) = c, f(b) = b, /(c) = a. 
Then / is (1, 2)*-Q-continuous. 

Theorem 4.1. Let / : X — > Y and g : Y — »• Z be two functions. Then 
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(i) gof is (1, 2)*-Q-continous if g is (1, 2)*-continuous and / is (1, 2)*-Q-continuous. 

(ii) gof is (1, 2)*-Q-irresolute if g is (1, 2)*-Q-irresolute and / is (1, 2)*-Q-irresolute. 

(iii) gof is (1, 2)*-Q-continous if g is (1, 2)*-Q-continuous and / is (1, 2)*-Q-irresolute. 

Proof. The proof is obvious. 

Definition 4.3. A space X is called an (1, 2)*-a7rg-space if the intersection of (l,2)*-a- 
closed set with a (1, 2)*-7rg-closed set is (1, 2)*-7rg-closed. 

Theorem 4.2. For a subset A of an (1, 2)*-a7rg-space X, the following are equivalent: 

(i) A is (1, 2)*-Q-closed. 

(h) Ti t 2 ~cl{xj fl Af=cf), for each x £ (1, 2 )*-acl{A). 

(iii) (1, 2 )*-acl(A) — A contains no non-empty (1, 2) *-tt (/-closed set. 

Proof, (i) Let A be (1, 2)*-<3-closed. Let x £ (1,2 )*-acl(A). If t-i. 2 -c/{x} n A = then 
AC X — Ti' 2 ~cl{x} is Ti^-open and hence X — Ti^-d{x} is (1, 2)*-ng-open. Let U = X — r li2 - 
d{x}. That is, A C U, U is (1, 2)*-7r<?-open =>■ (1,2 )*-ad(A) C Ti^-int(U). i.e., (1,2)*- 
ad{A) C Ti' 2 -int(X — T\^-d{x}) = X — Ti i2 -d(ri i2 -d{;r}) = X — T\^-d{x}. This implies, 
(1,2 )*-ad(A) C X — ri >2 -d{;r}. Since x £ (1, 2)*-ad(A), x £ X — Ti^-d{x}, which is not 
possible. Therefore, Ti j2 -d{:r} C\ A ^ (f>. 

(ii) If ri t 2 -d{x} fl A ^ cj) for x £ (1, 2 )*-ad{A) 1 to prove (1, 2 )*-ad{A) — A contains no non 
empty (1, 2)*-7rg-closed set. Let I\ C (1,2 )*-ad(A) — A is a non empty (1, 2)*-7r<7-closed set. 
Then K C (1,2 )*-ad(A) and A C X — K. Let x £ K, then x £ (1,2 )*-ad(A). Then by (ii), 
r i, 2 -d{x} fl A^ (f>. This implies, Ti^-d{x} fl A C K fl A C ((1, 2 )*-ad{A) — A) fl A. Which is 
a contradiction. Hence, (1,2 )*-ad(A) — A contains no non empty (1, 2)*-7rg-closed set. 

(iii) If (1,2 )*-ad(A) — A contains no non empty (1, 2)*-7r<7-closed set. Let A C U, U is 
(1, 2)*-7rg-open. If (1,2 )*-ad(A) <2 r 12 -lnt([/), then (1, 2)*-ad(A) fl (Ti t 2 -int(U)) c = <fi. Since, 
the space is a (1, 2)*-a7rg-space, (1, 2)*-ad(A) fl {Ti^-int{U)) c is a non empty (1, 2)*-7rg-closed 
subset of (1, 2 )*-ad{A) — A which is a contradiction. Therefore, A is (1, 2)*-Q-closed set. 
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§1. Introduction 



Fuzzy set ( FS ) as proposed by Zadeh I 16 l in 1965 is a framework to encounter uncertainty, 
vagueness and partial truth and it represents a degree of membership for each member of the 
universe of discourse to a subset of it. After the introduction of fuzzy topology by Chang ^ 
in 1968, there have been several generalizations of notions of fuzzy sets and fuzzy topology. 
By adding the degree of non-membership to FS, Atanassov W proposed intuitionistic fuzzy 
set ( IFS ) in 1986 which appeals more accurate to uncertainty quantification and provides the 
opportunity to precisely model the problem based on the existing knowledge and observations. 
In 1997, Coker introduced the concept of intuitionistic fuzzy topological space. This paper 
aspires to overtly enunciate the notion of intuitionistic fuzzy quasi weakly generalized continu- 
ous mappings in intuitionistic fuzzy topological space and study some of their properties. We 
provide some characterizations of intuitionistic fuzzy quasi weakly generalized continuous map- 
pings and establish the relationships with other classes of early defined forms of intuitionistic 
mappings. 
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§2. Preliminaries 

Definition 2.1.W Let X be a non empty fixed set. An intuitionistic fuzzy set (( IFS ) 
in short) A in X is an object having the form A = {(#, ua(x)) : x € X} where the 

functions Ha{x) ■ X — > [0, 1] and ua(x) : X — > [0, 1] denote the degree of membership (namely 
^ia{x)) and the degree of non-membership (namely va{x)) of each element x £ X to the set A, 
respectively, and 0 < /xa{x) + va(x) < 1 for each x £ X. 

Definition 2.2.W Let A and B be IFSs of the forms A = {(x, ha(x),ua(x)) : x £ X} 
and B = {(#, /i B (x), v b (x)) : x £ X}. Then 

(i) A C B if and only if fj, a{x ) < hb{x) and i 'a(x) > v B (x) for all x £ X. 

(ii) A = B if and only if A C B and B C A. 

(iii) A c = {{x,v a (x),ha(x)) : x £ X}. 

(iv) A n B = {{x,ha{x) /\hb(.x),va(x)\J v B (x)) : x £ X}. 

(v) A U B = {{x,n A {x)\J iib{x),v a {x) /\u B {x)) : x £ X}. 

For the sake of simplicity, the notation A = (x^a^a) shall be used instead of A = 
{{x, ha{x),va{x)) : x £ X}. Also for the sake of simplicity, we shall use the notation A = 
(x, (ha,Hb) , {va,vb)) instead of A = (x, (A/ (i A , B / n B ) , (A/v a , B /v b )) ■ 

The intuitionistic fuzzy sets 0^ = {(x, 0, 1) : x £ X} and 1^ = {(&, 1, 0) : x £ X} are the 
empty set and the whole set of X, respectively. 

Definition 2.3.I 3 ! An intuitionistic fuzzy topology ((I FT) in short) on a non empty set 
AT is a family r of IFSs in X satisfying the following axioms: 

(i) 0„,U £ t. 

(ii) G\ fl Gi £ r for any G\, G 2 £ r. 

(iii) U Gi £ r for any arbitrary family {G, : i £ J} C r. 

In this case, the pair (X,t) is called an intuitionistic fuzzy topological space ( IFTS in 
short) and any IFS in r is known as an intuitionistic fuzzy open set ( IFOS in short) in X. 

The complement A c of an IFOS A in an IFTS (X,t) is called an intuitionistic fuzzy 
closed set ( IFCS in short) in X. 

Definition 2.4.^ Let ( X , r) be an IFTS and A = (x, [ia, v a) be an IFS in X. Then the 
intuitionistic fuzzy interior and an intuitionistic fuzzy closure are defined by 

int(A) = U{G/G is an IFOS in X and GCA}, 

cl(A) = fl {K/K is an IFCS in X and A C K}. 

Note that for any IFS A in (X, r), we have cl(A c ) = ( int(A)) c and int(A c ) = (d(A)) c . 

Definition 2.5. An IFS A = {(a:, ha(x), va{x)) : x £ X} in an IFTS ( X,t ) is said to be 

(i) Intuitionistic fuzzy semi closed set ( IFSCS in short) if int(cl(A )) C A. 

(ii) Intuitionistic fuzzy a-closed set ( IFaCS in short) if d(int(cl(A))) C A. 

(iii) Intuitionistic fuzzy pre-closed set I 6 1 ( IFPCS in short) if d(int(A)) C A. 

(iv) Intuitionistic fuzzy regular closed set I 6 1 ( IFRCS in short) if d(int(A)) = A. 

(v) Intuitionistic fuzzy generalized closed set M ( IFGCS in short) if d(A) C U whenever 
AC V and U is an IFOS. 

(vi) Intuitionistic fuzzy generalized semi closed set I 13 ! ( IFGSCS in short) if sd(A) C U 
whenever AC U and U is an IFOS. 
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(vii) Intuitionistic fuzzy a generalized closed set I 11 ! ( IFaGCS in short) if acl(A) C U 
whenever A C U and U is an IFOS. 

(viii) Intuitionistic fuzzy 7 closed set ^ ( IFjCS in short) if int(d(A)) fi cl(int(A)) C A. 

An IFS A is called intuitionistic fuzzy semi open set, intuitionistic fuzzy a-open set, 
intuitionistic fuzzy pre-open set, intuitionistic fuzzy regular open set, intuitionistic fuzzy gener- 
alized open set, intuitionistic fuzzy generalized semi open set, intuitionistic fuzzy a generalized 
open set and intuitionistic fuzzy 7 open set ( IFSOS , IFaOS , IFPOS , IFROS , IFGOS, 
IFGSOS, IFaGOS and IFjOS) if the complement A c is an IFSCS , IFaCS, IFPCS, 
IFRCS , IFGCS, IFGSCS, IFaGCS and IF^CS respectively. 

Definition 2.6. 1 7 1 An IFS A = {(a;, ha(x), 1 'a(x)) : x £ X} in an IFTS ( X,t ) is said to 
be an intuitionistic fuzzy weakly generalized closed set ( IFWGCS in short) if cl(int(A)) C U 
whenever AC U and U is an IFOS in X. 

The family of all IFWGCSs of an IFTS (X,t) is denoted by IFWGC(X). 

Definition 2.7.1 7 ! An IFS A = {(a:, Ha(x), va(x)) : x £ X} in an IFTS (X,t) is said to 
be an intuitionistic fuzzy weakly generalized open set ( IFWGOS in short) if the complement 
A c is an IFWGCS in X. 

The family of all IFWGOSs of an IFTS (X,t) is denoted by IFWGO(X). 

Result 2.1.M Every IFCS, IFaCS , IFGCS , IFRCS , IFPCS, IFaGCS is an IFWGCS 
but the converses need not be true in general. 

Definition 2.8.I 8 ! Let (A, r) be an IFTS and A = (x, ha, v a) be an IFS in X. Then the 
intuitionistic fuzzy weakly generalized interior and an intuitionistic fuzzy weakly generalized 
closure are defined by 

wgint(A) = U {G/G is an IFWGOS in X and G C A}, 

wgcl(A) = C{K/K is an IFWGCS in X and A C A'}. 

Definition 2.9.I 3 ! Let / be a mapping from an IFTS (X,t) into an IFTS ( Y,a ). If 
B = {(y, gB(y), v b{v)) '■ y G Y} is an IFS in Y, then the pre-image of B under / denoted by 
/ _1 (i?), is the IFS in X defined by f~ 1 (B) = {(x, /~ 1 (ij,b{x)), f~ 1 (uB{x))) : x £ X}, where 
f- 1 (fi B (x)) = ns{f{x)). 

If A = {(21, Ha(x), va{x)) : x £ X} is an IFS in X, then the image of A under / denoted 
by f{A) is the IFS in Y defined by f(A) = {(y, f(g A (y)), f-{v A {y))) -y CY} where f-(y A ) = 

1 - /(I - v A ). 

Definition 2.10. Let / be a mapping from an IFTS (X,t) into an IFTS (y,c r). Then 
/ is said to be 

(i) Intuitionistic fuzzy continuous M (IF continuous in short) if f~ 1 (B) is an IFOS in X 
for every IFOS B in Y . 

(ii) Intuitionistic fuzzy a continuous I 6 1 (IFa continuous in short) if f~ 1 (B) is an IFaOS 
in X for every IFOS B in Y . 

(iii) Intuitionistic fuzzy pre continuous ^ ( IFP continuous in short) if f^ 1 (B) is an 
IFPOS in X for every IFOS B in Y. 

(iv) Intuitionistic fuzzy generalized continuous b 4 l (IFG continuous in short) if f^ 1 (B) is 
an IFGOS in X for every IFOS B in Y. 

(v) Intuitionistic fuzzy a generalized continuous b 2 l ( IFaG continuous in short) if f~ 1 (B) 
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is an IFaGOS in A for every IFOS B in Y. 

(vi) Intuitionistic fuzzy weakly generalized continuous ^ ( IFWG continuous in short) if 
f~ 1 (B) is an IFWGOS in X for every IFOS B in Y. 

(vii) Intuitionistic fuzzy almost continuous I 15 ! (IF A continuous in short) if f~ 1 (B) is an 
IFOS in X for every IFROS B in Y. 

(viii) Intuitionistic fuzzy almost weakly generalized continuous I 10 ! (IFAWG continuous 
in short) if f~ 1 (B) is an IFWGOS in X for every IFROS B in Y. 

Definition 2.11. An IFTS (X,t) is said to be an intuitionistic fuzzy w Ti/ 2 space t 7 l 
(IF w Ti /2 space in short) if every IFWGCS in X is an IFCS in A. 

Definition 2.12. An IFTS (X,t) is said to be an intuitionistic fuzzy wg T q space ^ 
(. IF wg T q space in short) if every IFWGCS in X is an IFPCS in X. 

§3. Intuitionistic fuzzy quasi weakly generalized continuous 
mappings 

In this section, we introduce intuitionistic fuzzy quasi weakly generalized continuous map- 
pings and study some of their properties. 

Definition 3.1. A mapping / : (X,t) —> ( Y,a ) is said to be an intuitionistic fuzzy quasi 
weakly generalized continuous mapping if f~ x (B) is an IFCS in ( X , r) for every IFWGCS B 
of (Y,a). 

Theorem 3.1. Every intuitionistic fuzzy quasi weakly generalized continuous mapping is 
an intuitionistic fuzzy continuous mapping but not conversely. 

Proof. Let / : (X, r) — > (Y, a) be an intuitionistic fuzzy quasi weakly generalized continu- 
ous mapping. Let A be an IFCS in Y. Since every IFCS is an IFWGCS , A is an IFWGCS 
in Y. By hypothesis, f~ 1 (A) is an IFCS in X. Hence / is an intuitionistic fuzzy continuous 
mapping. 

Example 3.1. Let X = {a,b}, Y = {u, i>} and T\ = {x, (0.3, 0.4) , (0.4, 0.5)), T 2 = 
(y, (0.3, 0.4) , (0.4, 0.5)). Then r = {0^,T 1? U} and cr = {0„,T 2 ,U} are IFTs on X and 

Y respectively. Consider a mapping / : (X,t) ( Y, cr ) defined as /(a) = u and f(b) = v. This 

/ is an intuitionistic fuzzy continuous mapping but not an intuitionistic fuzzy quasi weakly 
generalized continuous mapping, since the IFS B = ( y , (0.6, 0.7) , (0.2, 0.1)) is an IFWGCS in 

Y but f-\B)= (. x , (0.6, 0.7) , (0.2, 0.1)) is not an IFCS in X. 

Theorem 3.2. Let f : (A, r) — > (Y, a) be a mapping from an IFTS (A, r) into an IFTS 
(Y, cr) and (Y, a) an IF w Ti/ 2 space. Then the following statements are equivalent. 

(i) / is an intuitionistic fuzzy quasi weakly generalized continuous mapping. 

(ii) / is an intuitionistic fuzzy continuous mapping. 

Proof. (i)=>(ii) Is obviously true from the Theorem 3.1. 

(ii)=>(i) Let A be an IFWGCS in Y. Since (Y, a) is an IF w T x / 2 space, A is an IFCS in 
Y. By hypothesis, / _1 (A) is an IFCS in A. Hence / is an intuitionistic fuzzy quasi weakly 
generalized continuous mappings. 

Theorem 3.3. Every intuitionistic fuzzy quasi weakly generalized continuous mapping is 
an intuitionistic fuzzy a continuous mapping but not conversely. 
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Proof. Let / : (X, r) — > (Y, a) be an intuitionistic fuzzy quasi weakly generalized continu- 
ous mapping. Let A be an IFCS in Y. Since every IFCS is an IFWGCS, A is an IFWGCS 
in Y. By hypothesis, f~ 1 (A) is an IFCS in X. Since every IFCS is an IFaCS , f~ 1 (A) is an 
IFaCS in X . Hence / is an intuitionistic fuzzy a continuous mapping. 

Example 3.2. Let X = {a, b}, Y = {u, i>} and Ti = (x, (0.2, 0.4) , (0.4, 0.6)), T 2 = 
(y, (0.2, 0.4) , (0.4, 0.6)). Then r = {0,^, T), 1,^} and a = {0,^, T 2 , 1^} are IFTs on X and 

Y respectively. Consider a mapping / : (X,t) — > (Y,a) defined as /(a) = u and /(&) = v. This 
/ is an intuitionistic fuzzy a continuous mapping but not an intuitionistic fuzzy quasi weakly 
generalized continuous mapping, since the IFS B = ( y , (0.5, 0.6) , (0.2, 0.1)) is an IFWGCS in 

Y but f~ 1 (B)= (, x , (0.5, 0.6) , (0.2, 0.1)) is not an IFCS in X. 

Theorem 3.4. Every intuitionistic fuzzy quasi weakly generalized continuous mapping is 
an intuitionistic fuzzy pre continuous mapping but not conversely. 

Proof. Let / : (Y, r) — > ( Y 1 a) be an intuitionistic fuzzy quasi weakly generalized continu- 
ous mapping. Let A be an IFCS in Y. Since every IFCS is an IFWGCS , A is an IFWGCS 
in Y . By hypothesis, f~ x (A) is an IFCS in X. Since every IFCS is an IF PCS, f~ 1 (A) is 
an IF PCS in X. Hence / is an intuitionistic fuzzy pre continuous mapping. 

Example 3.3. Let X = {a,b}, Y = {u, i>} and Ti = (x, (0.2, 0.3) , (0.3, 0.6)), T 2 = 
{y, (0.2, 0.3) , (0.3, 0.6)). Then r = {0^,Ti,l^} and a = {O^T^l^} are IFTs on X and 

Y respectively. Consider a mapping / : (X, r) — ► (Y,a) defined as /(a) = u and /(&) = v. This 
/ is an intuitionistic fuzzy pre continuous mapping but not an intuitionistic fuzzy quasi weakly 
generalized continuous mapping , since the IFS B = (y, (0.6, 0.4) , (0.2, 0.1)) is an IFWGCS 
in Y but f~ 1 (B)= ( x , (0.6, 0.4) , (0.2, 0.1)) is not an IFCS in X. 

Theorem 3.5. Every intuitionistic fuzzy quasi weakly generalized continuous mapping is 
an intuitionistic fuzzy generalized continuous mapping but not conversely. 

Proof. Let / : (X, r) — > (Y, a) be an intuitionistic fuzzy quasi weakly generalized continu- 
ous mapping. Let A be an IFCS in Y. Since every IFCS is an IFWGCS, A is an IFWGCS 
in Y. By hypothesis, / -1 (H) is an IFCS in X. Since every IFCS is an IFGCS, / -1 (H) is 
an IFGCS in X. Hence / is an intuitionistic fuzzy generalized continuous mapping. 

Example 3.4. Let X = {a, b}, Y = {u, i>} and T\ = (x, (0.2, 0.2) , (0.3, 0.4)), T 2 = 
{y, (0.2, 0.2) , (0.3, 0.4)). Then r = {0^,,7i,l^} and a = {0^,,T 2 ,1^,} are IFTs on X and 

Y respectively. Consider a mapping / : (X,t) —> (Y,a) defined as /(a) = u and f(b) = v. 
This / is an intuitionistic fuzzy generalized continuous mapping but not an intuitionistic fuzzy 
quasi weakly generalized continuous mapping, since the IFS B = {y, (0.4, 0.5) , (0.2, 0)) is an 
IFWGCS in Y but f~ x (B)= ( x , (0.4, 0.5) , (0.2, 0)) is not an IFCS in X. 

Theorem 3.6. Every intuitionistic fuzzy quasi weakly generalized continuous mapping is 
an intuitionistic fuzzy a generalized continuous mapping but not conversely. 

Proof. Let / : ( X , r) — > (Y, a) be an intuitionistic fuzzy quasi weakly generalized continu- 
ous mapping. Let A be an IFCS in Y. Since every IFCS is an IFWGCS, A is an IFWGCS 
in Y. By hypothesis, f~ x (A) is an IFCS in X. Since every IFCS is an IFaGCS, f~ x (A) is 
an IFaGCS in X. Hence / is an intuitionistic fuzzy a generalized continuous mapping. 

Example 3.5. Let X = {a, 6}, Y = {u, i>} and T\ = (x, (0.2, 0.3) , (0.4, 0.5)), T 2 = 
(y, (0.2, 0.3) , (0.4, 0.5)). Then r = {0^,7i,l^} and a = {0^,,T 2 ,1^,} are IFTs on X and 
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Y respectively. Consider a mapping / : (X,t) —> (Y, c r) defined as /(a) = u and f(b) = v. This 
/ is an intuitionistic fuzzy a generalized continuous mapping but not an intuitionistic fuzzy 
quasi weakly generalized continuous mapping, since the IFS B = (y, (0.3, 0.4) , (0.2, 0)) is an 
IFWGCS in Y but f~ l (B)= (x, (0.3, 0.4) , (0.2,0)) is not an IFCS in X. 

Theorem 3.7. Every intuitionistic fuzzy quasi weakly generalized continuous mapping is 
an intuitionistic fuzzy almost weakly generalized continuous mapping but not conversely. 

Proof. Let / : ( X , r) — > (' Y , a) be an intuitionistic fuzzy quasi weakly generalized con- 
tinuous mapping. Let A be an IFRCS in Y. Since every IFRCS is an IFWGCS , A is an 
IFWGCS in Y . By hypothesis, / _1 (H) is an IFCS in X. Since every IFCS is an IFWGCS, 
/ _1 (A) is an IFWGCS in X. Hence / is an intuitionistic fuzzy almost weakly generalized 
continuous mapping. 

Example 3.6. Let X = {a, b}, Y = {u, i>} and T\ = (x, (0.4, 0.5) , (0.5, 0.5)), T 2 = 
(y, (0.4, 0.5) , (0.5, 0.5)). Then r = {0_, Xi, 1_} and cr = {0^,T 2 ,U} are IFTs on X and Y 
respectively. Consider a mapping / : (X,r) —> ( Y,o ) defined as /(a) = u and /(&) = v. This / 
is an intuitionistic fuzzy almost weakly generalized continuous mapping but not an intuitionistic 
fuzzy quasi weakly generalized continuous mapping , since the IFS B = ( y , (0.6, 0.7) , (0.3, 0.2)) 
is an IFWGCS in Y but f~ 1 (B)= (x, (0.6, 0.7) , (0.3, 0.2)) is not an IFCS in X. 

Theorem 3.8. Every intuitionistic fuzzy quasi weakly generalized continuous mapping is 
an intuitionistic fuzzy almost continuous mapping but not conversely. 

Proof. Let / : (X, r) — > (Y, cr) be an intuitionistic fuzzy quasi weakly generalized con- 
tinuous mapping. Let A be an IFRCS in Y. Since every IFRCS is an IFWGCS, A is an 
IFWGCS in Y . By hypothesis, f~ 1 (A) is an IFCS in X. Hence / is an intuitionistic fuzzy 
almost continuous mapping. 

Example 3.7. Let X = {a, b}, Y = {u, i>} and T\ = (x, (0.3, 0.5) , (0.4, 0.5)), T 2 = 
(y, (0.3, 0.5), (0.4, 0.5)). Then r = {0„,Ti,U} and cr = {0„,T 2 ,U} are IFTs on X and 

Y respectively. Consider a mapping / : (X,t) —> ( Y,a ) defined as f(a) = u and f(b) = v. 
This / is an intuitionistic fuzzy almost continuous mapping but not an intuitionistic fuzzy 
quasi weakly generalized continuous mapping, since the IFS B = (y, (0.5, 0.6) , (0.4, 0.2)) is an 
IFWGCS in Y but f~ 1 (B)= {x, (0.5, 0.6) , (0.4, 0.2)) is not an IFCS in X. 

Theorem 3.9. Every intuitionistic fuzzy quasi weakly generalized continuous mapping is 
an intuitionistic fuzzy weakly generalized continuous mapping but not conversely. 

Proof. Let / : ( X , r) — > (Y, cr) be an intuitionistic fuzzy quasi weakly generalized continu- 
ous mapping. Let A be an IFCS in Y. Since every IFCS is an IFWGCS, A is an IFWGCS 
in Y. By hypothesis, f~ 1 (A) is an IFCS in X. Since every IFCS is an IFWGCS, f~ 1 (A) is 
an IFWGCS in X. Hence / is an intuitionistic fuzzy weakly generalized continuous mapping. 

Example 3.8. Let X = {a, b}, Y = {it, u} and T) = (ar, (0.2, 0.1) , (0.4, 0.5)), T 2 = 
(y, (0.2, 0.1) , (0.4, 0.5)). Then r = {0^,T 1? U} and cr = {0„,T 2 ,U} are IFTs on X and 

Y respectively. Consider a mapping / : (X,t) —> ( Y,a ) defined as /(a) = u and f(b) = v. This 
/ is an intuitionistic fuzzy weakly generalized continuous mapping but not an intuitionistic 
fuzzy quasi weakly generalized continuous mapping, since the IFS B = (y, (0.6, 0.7) , (0.2, 0.2)) 
is an IFWGCS in Y but f~ 1 (B)= (x, (0.6, 0.7) , (0.2, 0.2)) is not an IFCS in X. 

Theorem 3.10. Let / : (X, r) — > (Y, a) be a mapping from an IFTS ( X , r) into an IFTS 
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(Y a). Then the following statements are equivalent: 

(i) / is an intuitionistic fuzzy quasi weakly generalized continuous mapping. 

(ii) f~ 1 (B) is an IFOS in X for every IFWGOS B in Y . 

Proof. (i)=>(ii) Let B be an IFWGOS in Y. Then B c is an IFWGCS in Y. By 
hypothesis, f~ 1 (B c ) = ( f~ 1 {B)) c is an IFCS in X. Hence f~ 1 (B) is an IFOS in X. 

(ii)=>(i) Let B be an IFWGCS in Y. Then B c is an IFWGOS in Y. By (ii), f~ 1 (B c ) 
={f~ 1 (B)) c is an IFOS in X. Hence f~ 1 (B) is an IFCS in X. Therefore / is an intuitionistic 
fuzzy quasi weakly generalized continuous mapping. 

Theorem 3.11. Let / : (X, r) — > (Y a) be a mapping from an IFTS ( X , r) into an IFTS 
(Y, a) and let f~ 1 (A) be an IFRCS in X for every IFWGCS in Y. Then / is an intuitionistic 
fuzzy quasi weakly generalized continuous mapping. 

Proof. Let A be an IFWGCS in Y. By hypothesis, f~ 1 (A) is an IFRCS in X. Since 
every IFRCS is an IFCS, f~ 1 (A) is an IFCS in X. Hence / is an intuitionistic fuzzy quasi 
weakly generalized continuous mapping. 

Theorem 3.12. Let / : ( X , r) —> (Y, a) be an intuitionistic fuzzy quasi weakly generalized 
continuous mapping from an IFTS {X,t) into an IFTS (Y, a). Then f(cl(A)) C wgcl(f(A)) 
for every IFS A in X. 

Proof. Let A be an IFS in X. Then wgcl (/(H)) is an IFWGCS in Y. Since / is an intu- 
itionistic fuzzy quasi weakly generalized continuous mapping, f~ 1 (wgcl(f(A))) is an IFCS in 
X. Clearly A C f~ 1 (wgcl{f{A))). Therefore cl (A) C cl{f~ 1 (wgcl{f(A)))) = f~ 1 (wgcl(f(A))). 
Hence f(cl(A)) C wgcl(f(A)) for every IFS A in X. 

Theorem 3.13. Let / : (X, r) — > (Y, a) be a mapping from an IFTS ( X , r) into an IFTS 
(Y, a). Then the following statements are equivalent: 

(i) / is an intuitionistic fuzzy quasi weakly generalized continuous mapping. 

(ii) / _1 (H) is an IFOS in X for every IFWGOS B in Y. 

(iii) f~ 1 (wgint(B)) C int(f~ 1 (B)) for every IFS B in Y. 

(iv) c^(/ _1 (H)) C f~ 1 (wgcl(B)) for every IFS B in Y. 

Proof. (i)=>(ii) Is obviously true from the Theorem 3.10. 

(ii) =>(iii) Let B be an IFS in Y. Then wgint(B) is an IFWGOS in Y. By (ii), 
f~ 1 (wgint(B)) is an IFOS in X. Therefore f~ 1 (wgint(B)) = int(f~ 1 (wgint(B))). Clearly 
wgint(B) C B. This implies f~ 1 (wgint(B)) C / _1 (H). Therefore f~ 1 (wgint(B)) = int(f~ 1 ( 
wgint(B))) C int(f~ 1 (B)). Hence f~ 1 (wgint(B)) C int(f~ 1 (B)) for every IFS B in Y. 

(iii) =>(iv) It can be proved by taking the complement. 

(iv) =>(i) Let B be an IFWGCS in Y. Then wgcl(B) = B. Therefore f~ 1 (B) = 
f~ 1 (wgcl(B)) D d{f~ 1 {B)). Hence cl(f~ 1 (B)) = /~ 1 (H). This implies / _1 (1?) is an IFCS 
in Y. Hence / is an intuitionistic fuzzy quasi weakly generalized continuous mapping. 

Theorem 3.14. The composition of two intuitionistic fuzzy quasi weakly generalized 
continuous mapping is an intuitionistic fuzzy quasi weakly generalized continuous mapping. 

Proof. Let A be an IFWGCS in Z. By hypothesis, g _1 {A) is an IFCS in Y. Since 
every IFCS is an IFWGCS, g~ 1 {A) is an IFWGCS in Y. Then f~ 1 (g~ 1 (A)) = ( gof)~ 1 (A ) 
is an IFCS in X, by hypothesis. Hence gof is an intuitionistic fuzzy quasi weakly generalized 
continuous mapping. 
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Theorem 3.15. Let / : (X,t) (Y,a) and g : (Y,a) —> ( Z,5 ) be any two mappings. 

Then the following statements hold 

(i) Let / : ( X , r) — > (Y, a) be an intuitionistic fuzzy continuous mapping and g : (Y, a) — > 
(Z, 5) an intuitionistic fuzzy quasi weakly generalized continuous mapping. Then their com- 
position gof : (X,t) — > (Z,S) is an intuitionistic fuzzy quasi weakly generalized continuous 
mapping. 

(ii) Let / : ( X , r) — ► (Y, a) be an intuitionistic fuzzy quasi weakly generalized continu- 
ous mapping and g : (Y, a) (Z,S) an intuitionistic fuzzy continuous mapping [respectively 
intuitionistic fuzzy a continuous mapping, intuitionistic fuzzy pre continuous mapping, intu- 
itionistic fuzzy a generalized continuous mapping and intuitionistic fuzzy generalized continuous 
mapping]. Then their composition gof : (X,t) — > ( Z,S ) is an intuitionistic fuzzy continuous 
mapping. 

(iii) Let / : (X, t) — > (Y, o) be an intuitionistic fuzzy quasi weakly generalized continuous 
mapping and g : (Y, a) — > (Z, S) an intuitionistic fuzzy weakly generalized continuous mapping. 
Then their composition gof : ( X , t) — > ( Z , S) is an intuitionistic fuzzy continuous mapping. 

Proof, (i) Let A be an IFWGCS in Z. By hypothesis, g -1 (T) is an IFCS in Y. Since 
/ is an intuitionistic fuzzy continuous mapping, f~ 1 (g^ 1 (A)) = (gof)^ 1 (A) is an IFCS in X. 
Hence gof is an intuitionistic fuzzy quasi weakly generalized continuous mapping. 

(ii) Let A be an IFCS in Z. By hypothesis, g~ x (A) is an IFCS [respectively IFaCS, 
IFPCS , IFaGCS and IFGCS] in Y. Since every IFCS [respectively IFaCS, IFPCS, 
IFaGCS and IFGCS] is an IFWGCS, g~*{A) is an IFWGCS in Y. Then f-^g-^A)) = 
(gof) -1 (A) is an IFCS in X, by hypothesis. Hence gof is an intuitionistic fuzzy continuous 
mapping. 

(iii) Let A be an IFCS in Z. By hypothesis, g -1 (A) is an IFWGCS in Y. Since / is an 
intuitionistic fuzzy quasi weakly generalized continuous mapping, f -1 (g -1 (A)) = (gof) -1 (A) 
is an IFCS in X. Hence gof is an intuitionistic fuzzy continuous mapping. 
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Abstract In this paper we shall establish a short interval result for the Smarandache ceil 
function and the Dirichlet divisor function by the convolution method. 

Keywords Smarandache Ceil function, Dirichlet divisor function, asymptotic formula, con- 
volution method, short interval. 



§1. Introduction 

For a fixed positive integer k and any positive integer n, the Smarandache ceil function 
Sfc(n) is defined as 

{S'fc(n) = min to £ N : n \ m k }. 

This function was introduced by professor Smarandache. About this function, many scholars 
studied its properties. Ibstedt I 2 1 presented the following property: (Va, b £ N)(a,b) = 1 => 
Sk(ab) = Sk{a)Sk(b). It is easy to see that if (a, b) = 1, then (Sfc(a), Sk(b)) = 1. In her thesis, 
Ren Dongmei M proved the asymptotic formula 

Y. d(Sk(n)) = c\x\ogx + c 2 x + 0(aU +£ ), (1) 

n<.x 

where Ci and c 2 are computable constants, and e is any fixed positive number. 

The aim of this paper is to prove the following: 

Theorem 1.1. Let d(n ) denote the Dirichlet divisor function, Sk{n) denote the Smaran- 
dache ceil function, then for j < 9 < x e+2e < y < x, we have 

Y. d(S k (n)) = H(x + y) - H(x) + 0(yx~% + x e+e ), (2) 

x<n<x-\-y 

where H( x) = t\x\ogx + t 2 a:. 

Notations 1.1. Throughout this paper, e always denotes a fixed but sufficiently small 
positive constant. 

1 Tti is work is supported by Natural Science Foundation of China (Grant No: 11001154), and Natural Science 
Foundation of Shandong Province (Nos: BS2009SF018, ZR2010AQ009). 
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§2. Proof of the Theorem 

In order to prove our theorem, we need the following lemmas. 

Lemma 2.1. 

d(n) = a; log a; + (2 r — l)a; + 0(x e+e ). (3) 

n<.x 

The asymptotic formula (3) is the well-known Dirichlet divisor problem. The latest value of 9 
is 9 = proved by Huxley I 6 1 . 

Lemma 2.2. 

n<x 

Proof. It follows from \g(n)\ <C n~ a+e . 

Lemma 2.3. Let k > 2 be a fixed integer, 1 < y < x be large real numbers and 

B(x, y; k, e) := ^ 1 . 

x < nm ^ < x -\- y 
m > x e 



Then we have 



B(x, y; k, e) < yx 



+ x 4 



Proof. This is Lemma 2.3 of Zhai I 5 1. 

Now we prove our theorem, which is closely related to the Dirichlet divisor problem. 
Proof. Let F(s) = ( a > 1), here d(Sk(n) is multiplicative and by Euler 

product formula we have for a > 1 that, 



d(S k (n)) = -r-r A + d(S k (p) + d(S k (p 2 ) + d(S k (p 3 ) 

n = 1 p ' ^ ^ " 

= n( i+ ^ + pi + ^i+'") 

-cwnO+^-) 



So we get G(s) = and by the properties of Dirichlet series, it is absolutely convergent 

for > |. 

By the convolution method, we have d(S k (n)) = XL =rl n n z d{n\)g{n 2 )u{n^), where d(n) 

1 2 l 3 

is the divisor function. Then 



d(s k (n))= yy d(ni)g(?i 2 )u(n 3 ) = yy+o(yy+yy), 

x<n<x+y x<n 1 n 2 n^<x+y 1 2 3 



( 4 ) 




Vol. 8 A short interval result for the Smarandache ceil function and the Dirichlet divisor function 



27 



where 



E 

1 

E 

2 

E 



E g(n 2 )u(n 3 ) E d(m), 

< ni < ^±y 
n 2 n 3 n 2 n 3 

E |d(m)s , (n 2 )M(n 3 )|, 

' < ri l' n 2 n § < ® + y 
tx 2 > a: e 

E |d(ni)3(n 2 )M(n 3 )|. 



n-2 < 

™3 < 



' < n 1 rt 2 ng < x + y 
7x3 > cc e 



In view of Lemma 2.1, the inner sum in ^2 1 is 



X + U, X + 7/ X, X . TV X x 

3T lo S 33d3 - 33^2 lo § 3372 + ( 2r - !)t^2 + °(s-2S ) 



712^3 77-277-3 772773 77277^ 



772773 772773 



(* + 2/) log(a; + y) — a; log x log (n 2 n§) y , , 

— »-s^r +( 2 r - 1 ) ;^i +0 <;^ ) - 



n 2 «| 



Inserting the above expression into and after some easy calculations, we get 

E, = + j/) — ff(x) + 0(yx~ e + ya; _ s e + e + x s+e ). 

1 

For ^ 2 , we have 

|5(n2)| -C n 2 3+6 < x~i e+t , 
if we notice that n 2 > x € , and hence 



E« 



x~z t+e 



E d(ni) = x 3 C| "' > G(*(n) 



a; < n 1 ri-2 no < a; +y 



- _S€+e " e d *( r 

a:<n<a;+y 



where 



d*(n) = E d(Tii) <C ■ 



n=n\ri2n^ 



Therefore we have 



E <^ _ ® e+<r2 E r / <€. yx ~^ 



2 a;<n<a;+y 

Since d(n) <C ?x £ , <?(n 2 ) -C 1, by lemma 2.3 we have 

E « ^ e2 v i 



< x e 



< X 



2e * 



E 

l 2 n 3 : 

3 > 

E d ( n ) 

: < rxn 2 < a: + y 
n 3 > x e 

E 1 = x 2e2 B(x,y;2,e) 



: < rx ^ ?x 2 rig < * + !/ 
7x3 > cc e 



CC < TXTXg <. X -\- y 
7x3 > a; e 

< yx~ e+2e2 +x* +(2 . 



( 5 ) 



( 6 ) 



( 7 ) 



Now our theorem follows from (4) and (7). 
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Abstract In the present paper, using the technique of subordination chain, we obtain some 
sufficient conditions for normalized analytic functions to be 0-like. Certain sufficient conditions 
for starlike and close-to-convex functions are also given. 
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§1. Introduction 



Let A be the class of functions / which are analytic in the open unit disk E = {2 : |,z| < 1} 
and are normalized by the conditions /( 0) = /'( 0) — 1 = 0. Denote by S* (a), the class of 
starlike functions of order a which is analytically defined as follows: 

S*(a) = | f{z) £ A : > a, * £ e| , 

where a is a real number such that 0 < a < 1. We shall use S* to denote S*(0), the class of 
univalent starlike functions (w.r.t. the origin). 

A function / £ A is said to be close-to-convex in E if 



3 ? 




> 0, z€E, 



( 1 ) 



for a starlike function g (not necessarily normalized). The class of close-to-convex functions 
is denoted by C. It is well-known that every close-to-convex function is univalent. In case 
g(z ) = z, the condition (1) reduces to 



3? f'(z) > 0, 2 G E =» fee. 



This simple but elegant result was independently proved by Noshiro and Warchawski ^ in 
1934/35. 

Let 0 be analytic in a domain containing /(E), 0(0) = 0 and 3ft 0'(O) > 0, then, the function 
/ £ A is said to be 0-like in E if 



zf'(z) 



> o, zeE. 



3 ft 
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This concept was introduced by L. Brickman I 3 / He proved that an analytic function / £ A is 
univalent if and only if / is 0-like for some /. Later, Ruscheweyh I'l investigated the following 
general class of /-like functions: 

Let / be analytic in a domain containing /(E), /(0) = 0, /'(O) = 1 and /(u> ) ^ 0 for 
w £ /(E) \ {0}, then the function / £ A is called /-like with respect to a univalent function 



q,q{ 0) = 1, if 



zf{z) 

Hf(z)) 



-< q{z), z £ E. 



For two analytic functions / and g in the open unit disk E, we say that / is subordinate 
to g in E and write as / -< g if there exists a Schwarz function w analytic in E with ui(0) = 0 
and \w{z)\ <1, z £ E such that f(z) = g(w(z)), z £ E. In case the function g is univalent, the 
above subordination is equivalent to: /( 0) = g{ 0) and /(E) C g(E). 

Let $ : C 2 x E — > C be an analytic function, p be an analytic function in E such that 
(p(z), zp'(z)-, z) £ C 2 x E for all z £ E and h be univalent in E. Then the function p is said to 
satisfy first order differential subordination if 



$(p{z), zp’{z)\z) < h(z), $(p(0),0;0) = h(0). 



( 2 ) 



A univalent function q is called a dominant of the differential subordination (2) if p(0) = g(0) 
and p -< q for all p satisfying (2). A dominant q that satisfies q < q for each dominant q of (2), 
is said to be the best dominant of (2). 

The main objective of this paper is to derive some sufficient conditions for /-like, starlike, 
close-to-convex functions. 



§2. Preliminaries 

We shall need following definition and lemmas to prove our results. 

Definition 2.1. A function L(z,t), z £ E and t > 0 is said to be a subordination chain if 
L(., t) is analytic and univalent in E for all t > 0, L(z, .) is continuously differentiable on [0, oo) 

for all z £ E and L(z , fi) -< L(z , t^) for all 0 < t\ < t%. 

Lemma 2.lJ 6 l The function L(z,t ) : E x [0, oo) — > C, (C is the set of complex numbers), 
of the form L(z, t ) = ai(t)^ + • • • with eq(i) 0 0 for all t > 0, and |ai(f)| = oo, is said to 

be a subordination chain if and only if Re Z QL/dt > 0 f° r all z £ E and t> 0. 

Lemma 2.2. M Let F be analytic in E and let G be analytic and univalent in E except 
for points Co such that ^^ o G(z) = oo, with F( 0) = G(0). If F -/ G in E, then there is a 
point zo £ E and G 9E (boundary of E) such that F(\z\ < |2ro |) C G(E), F(zo) = G(Co) and 
zoF'(zo) = mCoG'(Co) for some m> 1. 

§3. Main results 

Throughout this paper, value of a complex power taken, is the principal one. 
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Theorem 3.1. Let a be a complex number and let q be a univalent function such that 
zq' (z) 

— — is starlike in E. If an analytic function », satisfies the differential subordination 

(«(*)>“ 



rn = 0(0) = i, * e e, 

(p(*))“ (q(z)) a 



( 3 ) 



then p(z) -< q(z) and q(z) is the best dominant. 
Proof. Define the function h as follows: 



h(z) = fAf, 2 e E. 
(<?(*))“ 



( 4 ) 



For the subordination (3) to be well-defined in E, we, first, prove that h(z) is univalent in E. 
Differentiating (4) and simplifying a little, we get 



zh'(z) zQ'(z) 

Q{z) Q(z ) 



where Q(z) 



. In view of the given conditions, we obtain 

(9(2))“ 



5ft 



zh’{z) 

Q(z) 



> 0. 



Thus, h(z) is close-to-convex and hence univalent in E. We need to show that p -< q. Suppose 
to the contrary that p~/ q in E. Then by Lemma 2.2, there exist points zq £ E and Co €E 9E 
such that p(zo) = q((o) and zop'(zo) = m(q'((o), m > 1. Then 



zqp'{z 0 ) _ mCog'(Co) 
(p(z o))“ (9«o)) a 



Consider a function 



L{z , t) = (1 + t) ’ z e E - ( 6 ) 

The function L(z, t) is analytic in E for all t > 0 and is continuously differentiable on [0, 00 ) for 
all z e E. Now 

aiW= (^^) (ot) = (1+tV(0) ' 

Since q is univalent in E, so q'( 0) 7 ^ 0 and therefore, it follows that ai(t) 7 ^ 0 and t ^ o |ai(t)| = 
00 . A simple calculation yields 



dL/dz 
Z dL/dt 



(1 + 1 ) 



zQ'(z) 

~qW 



Clearly 



5ft 2 



dL/dz 

dL/dt 



> 0 , 



in view of given conditions. Hence, L(z,t) is a subordination chain. Therefore, L(z,t 1 ) -< 
L(z,£ 2 ) for 0 < t\ < t 2 - From ( 6 ), we have L(z, 0) = h(z), thus we deduce that L(</ 0 ,t) ^ h{ E) 
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for | Co | — 1 a n d t> 0. In view of (5) and ( 6 ), we can write 

where z 0 G E, |£ 0 | = 1 and m > 1 which is a contradiction to (3). Hence, p -< q. This completes 
the proof of the theorem. 

zff(z') zf'(z) 

On writing p(z) = . , . in Theorem 3.1, we obtain the best dominant for —— . 

<t>(f( z )) <H/0)) 

Theorem 3.2. Let a be a complex number and let q be a univalent function such that 

zq'(z) zf'(z) 

is starlike in E. If / G A, ' ^ 0, satisfies 



{q{z)) c 



( zf(z) 

U M) 



Hf(z)) 



1 + 



f'(z) Hf( z )) 



, z <l '( z ) 

7 — 7 — \\ — i z ^ 

(?(*))“ 



for some <f>, analytic in a domain containing /(E), </(0) = 0, <j>' (0) = 1 and <j>(w) ^ 0 for 

zf'(z) 



w G /(E) \ {0}, then — ~ -< q(z) and q(z) is the best dominant. 

nf( z )) 



Z f f 

Taking p(z) — ' in Theorem 3.1, we have the best dominant for . 

/ 0 ) f{z) 

Theorem 3.3. Let a be a complex number and let q be a univalent function such that 

zq'(z) zf'(z) 

. is starlike in E. If / € A, ^ 0, satisfies 

(?(«))“ /(*) 

zf"(z) Zf'(z) 



z _m 

m 



i+ 



f '( z ) f( z ) 



zq’{z) 

-< , 7 ./ , 2 £E, 

(«(-*))“ 



then 



f( z ) 



~< q(z) and < 7 ( 2 ) is the best dominant. 



Selecting p(z) = f(z) in Theorem 3.1, we obtain the best dominant for f'(z). 

Theorem 3.4. Suppose a is a complex number and q is a univalent function such that 



zq'(z) . 



( q( z )) c 



is starlike in E. If / G A, f'(z) ^ 0, satisfies 



zf"(z) zq'(z) 

-S , , .. , 2Gt, 



(/'(*))“ (q( z )) 

then f'(z) -< q(z ) and q(z) is the best dominant. 



§4. Deductions 

(i) When dominant is q(z) = ^ 0 < (3 < 1 : 

1 — z 

By selecting the dominant q(z) = ^ . 0 < /? < 1 in Theorem 3.2, Theorem 

1 — z 

3.3 and Theorem 3.4. We see that this dominant satisfies the conditions of above theorems in 
following particular cases and consequently, we get the following results for (/-like, starlike and 
close-to-convex functions. For a = 0 in Theorem 3.2, we obtain: 
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zf'(z) 

Corollary 4.1. Suppose / £ 4, , ' ,, 4 0, satisfies 

zf{z) (i , zf”(z) z[4>(f(z))]’\ , 2(1 -P)z 



V /'(*) 4>{f{z)) J (i-^) 2 



where (f) is same as in Theorem 3.2, then 



1 - 2 : 



Take a = 1 in Theorem 3.2, we get: 

zf'(z) 

Corollary 4.2. If / € .4, ' . ^ 0, satisfies 

nf( z )) 

zf"{z) z[<Km)Y . 2(1 -P)z 

+ f(z) 0(/(z)) (l-z)[l + (1-2/3)*]’ 

where <j> is same as in Theorem 3.2, then 

<I>U( Z )) 1 - * 

Select a = 2 in Theorem 3.2, we derive the following result: 

zf'(z) 

Corollary 4.3. If / £ 4, ' . ,, ^ 0, satisfies 

nf(z)) 

i i z f"( z ) z [ ( P(f{ z ))Y 

1 + w~ J frM L , 2(i-/?)z 

£/d£) [1 + (1 ~ 2/3)*] 2 ’ ’ 

4/(4) 1 V 1 

where <j> is same as in Theorem 3.2, then 

<A(/W) 1 - 2! 

Select a = 0 in Theorem 3.3, we obtain: 

zf'(z) 

Corollary 4.4. Let / £ 4, — ^ 0, satisfy 

/ 0 ) 



zf'(z) / , zf'(z) zf(z)\ , 2(1 -/3) 



/'(*) f{z) J (1 - *) 



: , * £ E, 



zf {z) ,! + (!- 2 /3)2 •„ tr -c*ta\ 

,/ x 4 i , i-e-, ./ £ 5 (/3), 0 < /3 < 1. 

f(z) 1 - z 

For a = 1 in Theorem 3.3, we get the following result of Billing [ 1,2 h 

zf'(z) 

Corollary 4.5. If / £ 4, — ^ 0, satishes 

f(z) 

zf”{z) zf'{z) 2(1 -f})z 

Hz) f(z) (1 ~~ z)[l + (1 — 2/3)*] ’ ’ 



zf (z) J l + (l-2p)z tr -c*(a\ i\ ^ a ^ i 

x 4 i , i-e-, / £ 5 (/3), 0 < p < 1. 

/CO 1 - z 
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Take a = 2 in Theorem 3.3, we get: 

Corollary 4.6. If / £ A, ^ 

f(z) 



0 , satisfies 



1 + 



*/"(») 

/'(*) 



g/df) 

m 



2(1- f3)z 
[l + (l-2/3)z]*' 



zeE, 



then 



2/(2) , 1 + (1 - 2/3)2 
/( 2 ) ^ 1-2 



i.e., / G S*(P), 0 < /3 < 1. 



For a = 0 in Theorem 3.4, we obtain: 
Corollary 4.7. Let / G A, f'(z) ^ 0, satisfy 



2 /"( 2 ) -< 



2(1 -/3)2 
( 1 - 2)2 ’ 



zeE, 



then 

/'W _< 1 + (1 ~ 2/3) ^ , i.e., 3? f(z) > /3, 0 < /3 < 1. 
i — 2 

Put a = 1 in Theorem 3.4, we obtain: 

Corollary 4.8. If / G .4, f'(z) ^ 0, satisfies 



zf"(z) , 2(1 - /3 )z 

f(2) (1 — 2 )[1 + (1 — 2/3)2] ’ 



zeE, 



then 

/' ( 2 ) -< 1 + ( 1 1 ^ 2/3) ^ , i.e., 3? /'( 2 ) > /3, 0 < /3 < 1. 

(ii) When dominant is < 7 ( 2 ) = 1 + A 2 , 0 < A < 1 : 

Take the dominant q(z) = 1 + A 2 , 0 < A < 1 in Theorem 3.2, Theorem 3.3 and Theorem 
3.4. It is easy to check that this dominant satisfies the conditions of above theorems in following 
particular cases and consequently, we derive the following results. 

Select a = 0 in Theorem 3.2, we get: 

zf'(z) 

Corollary 4.9. Let / G A, — ^ 0, satisfy 

nf(z)) 



zf(z) ( zf"(z) 
4*(f ( 2 )) l + f(z) 



zW(z))]' \ 
0 (/( 2 )) ) 



< A, 0 < A < 1, 



where <f> is same as in Theorem 3.2, then 



zf'(z) 

<t>(f(z )) 



1 < A, 2 G E. 



write a = 1 

Corollary 



in Theorem 3.2, we obtain: 
zf'(z) 

4.10. If / G A, ± 0, satisfies 

nf(z)) 

zf"(z) z[<Kf(z))Y A 2 

f'(z) <t>(f(z )) 1 + A 2 



0 < A < 1 




